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Abstract Denote by 7 (2k) the set of trees of order 2k with perfect matchings.
GUO [Guo, Linear Algebra Appl. 368:379-385, 2003.] determined the largest value of
Laplacian spectral radii u(T) of the trees T in 7 (2k) and gave the corresponding tree
T in 7 (2k) whose u(T) reaches this largest value. In this paper, we determine the
second to the sixth largest values of u(7') of the trees T in 7 (2k) and also give the
corresponding trees T in 7 (2k) whose u(T') reach these values.
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1 Introduction

In this paper, all the graphs are finite, undirected and have no loops or multiple edges.
Let G be a graph with vertex set V(G) = {vy, va, ..., v,} andedge set E(G) = {ey, e2,
..., en}. When v; and v; are endpoints of an edge e, we write e = v;v;. Denote the
set of all the neighbors of a vertex v in G by Ng (v) and the degree of v by dg (v), or
simply N (v) and d(v) for convenience.

Let D(G) = diag(d(v1),d(v2),...,d(v,)) be the diagonal matrix of vertex
degrees. The Laplacian matrix L(G) of G is defined by L(G) = D(G) — A(G),
where A(G) is the (0,1)-adjacency matrix of G. In this paper, the characteristic poly-
nomial det(x/ — L(G)) is denoted by @ (G; x), or simply ®(G). It is well known that

X.-Y. Yuan
Department of Mathematics, Shanghai University, Shanghai 200444, China

J.-Y. Shao (X))
Department of Mathematics, Tongji University, Shanghai 200092, China
e-mail: jyshao@sh163.net

C.-X. He
College of Science, University of Shanghai for Science and Technology, Shanghai 200093, China

@ Springer



66 J Math Chem (2009) 46:65-85

L(G) is positive semi-definite, symmetric and singular. We denote the ith eigenvalue
of L(G) by u;(G) and order them in non-increasing order, i.e.,

wi1(G) = u2(G) = -+ = pp—1(G) = n(G).

The eigenvalue 11(G) is called the Laplacian spectral radius of G, denoted by u(G).

Eichinger etal. [3] showed that the eigenvalues of the Laplacian matrix of a molec-
ular graph determine the distribution function of the so-called radius of gyration of
the molecule, and that the non-zero eigenvalues and their eigenvectors can be used
efficiently to compute the scattering functions for Gaussian molecules (see [11]).

Two distinct edges in a graph G are independent if they are not incident with a
common vertex in G. A set of pairwise independent edges of G is called a matching
of G. A matching M that satisfies 2| M| = |V (G)] is called a perfect matching (it is
pointed out in [8] that every perfect matching of a HUCKEL graph is in a one-to-one
correspondence with a HUCKEL structure). Let

T (2k) ={T | T is a tree of order 2k with a perfect matching}. (1.1)

In chemical graph theory, a tree with a perfect matching can be used to represent
a certain hydrocarbon molecule (see [13]), so people are interested in the study of
the eigenvalues of the adjacency matrices, as well as the eigenvalues of the Laplacian
matrices of the trees in 7 (2k). In [14] and [2], the first seven trees in 7 (2k) with the
largest spectral radii of the adjacency matrices were determined. And in [10] the larg-
est eigenvalues of the adjacency matrices of trees in 7 (2k) were studied. In [12], the
eigenvalues of the Laplacian matrices of the trees in 7 (2k) were studied, and the trees
in 7 (2k) with the largest algebraic connectivity (i.e., the second smallest eigenvalue
of the Laplacian matrix) were determined. In [1], some sufficient conditions for the
existence of a perfect matching in a graph in terms of the eigenvalues of the Laplacian
matrix were given. In [5], the largest value of the Laplacian spectral radii of the trees
in 7 (2k) together with the corresponding extremal tree in 7 (2k) were determined. In
this paper, we determine the second to the sixth largest values of the Laplacian spectral
radii «(T) of the trees T in 7 (2k) together with the corresponding trees T in 7 (2k)
whose Laplacian spectral radii reach these values.

Let S,: = K1 k-1 and S,f, Sg, S,‘(‘ be the following trees of order k as shown in Fig. 1.

For any tree H of order k, let C(H) be the tree of order 2k obtained from H by
adding a new pendant edge at each vertex of H. It is easy to see that C(H) has k
pendant vertices and has a perfect matching.

VLYY

Fig. 1 The trees S,%, S,*z and S,f (of order k)
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Ty=T(1,k—2) T, =T(1,0,k — 3)

Fig. 2 The trees T(1,k —2) and T (1, 0, kK — 3) (of order 2k)

Let T3 and T4 be the two trees of order 2k as shown in Fig.2. Then it is easy to
see that both 73 and 74 have perfect matchings. 73 and 74 will also be denoted by
T(l,k—2)and T (1,0, k — 3) later in Sect. 4 and Sect. 5, respectively.

The main result of this paper is the following theorem, which will be proved in
Sect. 7.

Theorem 7.1 Let T1 = C (K1 x-1), Tr = C(S,f), T; (see Fig. 2), Ty(see Fig. 2), Ts =
C(S,f) and Tg = C(S,f) be the six trees in T (2k) as defined above. Let L1 ( f;) be the
largest (real) root of the equation fi(x) =0 (i =2,3,...,6), where

fr(x) = x0 — (k + 8)x> + (8k +20)x* — 21k + 16)x>
+(22k — 2)x% — (9% — 4)x + k, (1.2)

f300) =x* — (k+5)x3 +5k + Dx?> =23k — Dx +k, (1.3)

fa(x) = x® — (k + 8)x> + 8k + 21)x* — 22k + 18)x3
+(25k — 4)x* — (11k — 8)x + k, (1.4)

f5(x) = x® — (k + 8)x° + (9% + 15)x* — 25k — 4)x>
+Q27k — 27)x> — (11k — 14)x +k, (1.5)

fo(x) = x — (k + 7)x° + 8k + 12)x* — 21k — 4)x°
+(22k — 21)x? — (9 — 10)x + k. (1.6)

Then for k > 6, we have
() w(T) =r(fi) fori =2,3,....6.

(2) p(Mh) > pn(Tr) > u(13) > u(Ts) > u(Ts) > u(Te). (1.7
(3) Foranytree T € T 2K\{T, T, T3, T4, Ts, Ts}, we have

n(T) < n(Te). (1.8)
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2 A basic comparison method

It is well known that if a tree 7 has a perfect matching, then this matching is unique,
and is usually denoted by M (T') (or simply M). It is easy to see that in this case, dif-
ferent pendant vertices of 7 will be adjacent to different (non-pendant) vertices of T,
and each pendant edge of T is in the perfect matching M(T).

Let m; = m(T) be the number of pendant vertices of T. If T € 7 (2k) (has a
perfect matching), then m is equal to the number of pendant edges in M (T'), and thus
the number of non-pendant edges in M (T) is just equal to k — m.

Let my2 = m2(T) be the number of such pendant vertices of a tree 7 whose
neighbor is a vertex of degree 2. Obviously we have m12(T) < m(T).

Let B(G) = D(G) 4+ A(G), and p(B(G)) be the largest eigenvalue of the nonneg-
ative symmetric matrix B(G). It is obvious that

B(G) =|D(G) — A(G)| = |L(G)],

where | Q| denotes the (entrywise) absolute value of a matrix Q.

Lemma 2.1 [17] Let G be a graph. Then 1(G) < p(B(G)). Moreover, if G is con-
nected, then equality holds if and only if G is a bipartite graph.

The following Theorem 2.1 is a generalization of a comparison theorem given in
[9] (Theorem 2.1 ) and in [7] (Theorem 3.8), which will be a basic comparison method
used in this paper.

Theorem 2.1 Let G be a connected graph and u, vy, va, ..., v, be vertices of G.
Suppose Vi, Va, ..., V. are pairwise disjoint vertex subsets of G, which are not all
empty, and

Vi=A{vit,vi2, .. vi} ENONWN @) U{u}) (=1,2,...,r). (2.1

Let G’ be the graph with V(G') = V(G) and

E(G) = (E(G)\ U twivir. ... vivig, }) U (U{uuﬂ, . uv,-k,.}). 2.2)
i=1

i=1

Let X be the unit (positive) eigenvector of the nonnegative irreducible (also symmetric)
matrix B(G) corresponding to its eigenvalue p(B(G)). Suppose we have
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(1) Both G’ and G are bipartite graphs,
(2) xy = max{xy, Xy,, . .., Xy, }, where x,, denotes the coordinate of X correspond-
ing to the vertex u.

Then we have (G) < u(G").

Proof From Lemma 2.1 and the hypothesis (1), we know that u(G) = p(B(G)) and
uw(G") = p(B(G")). From the well-known results of real symmetric matrices in linear
algebra, we have

p(B(G)) = XTB(G)X and p(B(G")) > X" B(G)X.
So we have

p(B(G")) — p(B(G)) = X" B(GX — XTB(G)X
= X" (B(G") = B(G)) X

r ki
2 (Z [(Xu + xvij)2 —(xy + xv,-,-)z]) 2.3)
i=1

j=1

v

0.

Next we want to show that the strict inequality holds in (2.3). Namely, we want to
show that p(B(G’)) — p(B(G)) > 0. Suppose not, then all the equalities hold in (2.3).
In particular, we have

p(B(G)) — p(B(G") = X" B(GX — X" B(G)X =0,
but p(B(G)) = XT B(G)X, so we have

p(B(G")) = p(B(G)) = X" B(G)X = X" B(G)X,

which implies that X is also an eigenvector of B(G’) corresponding to p(B(G")),
namely we also have B(G')X = p(B(G'))X. Thus

(B(G") — B(G)) X = p(B(G")X — p(B(G)X = 0. 2.4
On the other hand, we have
r r kl'
((B(G/) _ B(G))X)u = (Z k[)xu + vaij > 0.
i=1 i=1 \j=1
This contradicts (2.4). O

Remark In this paper, we will mostly use the special case r =1 of Theorem 2.1,
which is just the result in [9] and [7].
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Now we define the following subsets of trees in 7 (2k).
T,2k) ={T e TQ2k)|m(T) =q} (q=2,3,...,k). 2.5)

The following theorem is also useful in the comparison of Laplacian spectral radii
of the trees in 7 (2k).

Theorem 2.2 Let T € 7,(2k) with g < k — 1. Then there exists T' € Ty1(2k) with
m12(T") = m2(T) such that u(T) < u(T").

Proof Sincem|(T) = q < k — 1, there exists some edge e = uv in the perfect match-
ing M of T such that both u# and v are non-pendant vertices. Let X be the unit positive
eigenvector of B(T') corresponding to p(B(T)) (where B(T) = D(T)+ A(T)). With-
out loss of generality, we may assume that x,, > x,, (otherwise we can exchange u and
v). Now using Theorem 2.1 on T inthe specialcaser = 1, v; = vand V1 = N (v)\{u}.
We obtain a tree T’ of order 2k with w(T) < u(T’). Also, it is easy to verify that T’
has a perfect matching (since e = uv € M(T)) and

dr(v) =1, dr/(u) >3, dr/(w) =dr(w) forall w & {u, v}. (2.6)

It follows from (2.6) that m(T") = m(T) + 1 = g + 1 (thus T" € 7,41(2k)) and
mio(T") = my2(T). o

3 Ordering trees in 7 (2k)

In this section, we first determine the structure of the trees in the class 7; (2k). Then we
use this structure to determine the first four trees in 7y (2k) with the largest Laplacian
spectral radii. We also compare the Laplacian spectral radii of the fourth tree in 7y (2k)
with some other classes of trees in 7 (2k).

Recall that if H is a tree of order k, then C(H) is the tree of order 2k obtained from
H by adding a new pendant edge at each vertex of H.

Lemma 3.1 T € 7;(2k) if and only if there exists a tree H of order k such that T =
C(H).

Proof The sufficiency follows easily from the definition of C (H). For necessity, sup-
pose T € 7 (2k), let H be the tree of order k obtained from 7 by deleting its k pendant
vertices. Then we can verify that T = C(H), since T has a perfect matching. O

The next lemma gives explicit relations between the Laplacian spectral radii of the
trees H and C(H).

Lemma 3.2 Let T € T (2k) and T = C(H), where H is a tree of order k. Then we
have

(1) CIJ(T;x)z(x—l)kq)(H;x—l—ﬁ) for x # 1.

@ (1) = § (wCH) +2 4+ i (H) +4).
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Proof (1) By labelling the vertices of T properly, we can get the following relation
between L(T) and L(H),

L(T) = (L(’f)l“ h )

where [ is the identity matrix of order k. Then

CD(T;x):det((x_l)I_L(H) ! )

1 (x—DI

Notice that for x # 1, we have

(x —1)I — L(H) I I 0
I (x — DI =

_((x—l—ﬁ)I—L(H) I )
- 0 x—0I1 )

Take the determinants for both sides, we get the desired result.
(2) From (1) and using

k
O(H; y) =[]y — mi(H)],
i=1
we have

k
o720 =[] [ = D? = ) x = D = 1]
i=1
So we can see that w(7') is the larger root of the equation

x—1D>—puH)(x—-1)—1=0.

Namely,

1
W) =3 () +2 4+ V2 (H) +4).

The following result follows immediately from Lemma 3.2.
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Corollary 3.1 Let Hy, H> be two trees with w(Hy) > w(Hz). Then
u(C(H1)) > p(C(H)).

Let Ty be the set of trees of order k. In [5] and [16], the first four trees in Ty
with the largest values of Laplacian spectral radii were determined. They are S} =
Ki—1, S}, S and Si (see Fig. 1).

Actually, in [5] and [16], it is proved that if k > 6 and T € T\{K1 k-1, S,%,
S,?, S,f}, then

k= pu(Kig-1) > n(Sp) > u(SY) > (S > w(T). 3.1
From (3.1) and Corollary 3.1, we immediately have the following result.
Lemma 3.3 Ifk > 6, then

(1) u(C(K1x-1) > u(C(SP) > m(C(SP)) > n(C(SH).
) IfT € Ti\{C(K1x-1). C(SP). C(S). C(S)), then u(T) < (C(SP)).

From Lemma 3.2 and (K1 x—1) =k, we have u(C (K1 x—1)) = (k+2+v k2 +4)/2.
So using Theorem 2.2 and Lemma 3.3, we can easily get the following result.

Corollary 3.2 [5] Let T € T (2k) fork > 1. Then

k+2+Vk>+4
5 ,

w(T) <

with equality if and only if T = C (K1 k—1).

If v € V(G), let L, (G) be the principal sub-matrix of L(G) obtained by deleting
the row and column corresponding to the vertex v. The following two results (Lemma
3.4, 3.5) from [6] and [4], respectively, will play important roles in the proofs of our
later results.

Lemma 3.4 [6] Let G = Gu : vGy be the graph obtained by joining the vertex u
of the graph G to the vertex v of the graph G» by an edge, where G and G, are
disjoint. Then

P(L(G)=P(L(G1))P(L(G2)) — P(L(G1))P(Ly(G2)) — P(L(G2)P(Lu(G)).

Lemma 3.5 [4] Let G be a connected graph of order n with at least one edge, then
w(G) = A(G)+ 1, where A(G) is the maximum degree of the graph G, with equality
ifand only if A(G) =n — 1.

From the above discussions, we already know that the first four trees in the set
Tx(2k) with the largest Laplacian spectral radii are C(Kj—1), C(S7), C(S?) and

C(S,f). Also u(C(Kyk-1)) = k+24+v k2 + 4)/2. The next lemma gives the values
of M(C(S,%)), /,L(C(Sg)) and /,L(C(S,f)) as the largest roots of certain polynomials.
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Lemma 3.6 Ifk > 6, then u(T;) = A1 (f;) for i =2,5,6, where T» = C(S,%), Ts =
C(SP), Te = C(S}), and

frx) = x% — (k + 8)x° + (8k +20)x* — 21k + 16)x°
+(22k — 2)x% — (9% — 4)x + k, (1.2)

f5(x) = x® — (k + 8)x> + (9 + 15)x* — (25k — 4)x>
+Q7k = 27)x2 — (11k — 14)x + k, (1.5)

fo(x) = x% — (k + 7)x> + 8k + 12)x* — 21k — 4)x>
+(22k — 21)x? — (9 — 10)x + k. (1.6)

Proof Using Lemma 3.4, we have

O(To; x) = x(x —2)(x* = 3x + DI fr(x), (3.2)
®(Ts; x) = x(x — 2)(x% = 3x + D4 f5(x), (3.3)

D (To; x) = x(x —2)(x? = 3x + D Oc* — 723 + 14x% = 8x + 1) f5(x). (3.4)

From Lemma 3.5, weknow u(7>) >k > 6, u(Ts) > k—1 > 5,and u(Tg) > k—1 > 5.
Also, the largest root of the following polynomial

T+ 14 =8+l =x(x — D(x —2)(x —4) + 1
is less than 4. So we conclude that w(7;) is the largest root of f;(x) = 0, namely,
w(T;) = x(fi) fori =2,5,6. O

One of our main goals in the later sections 4-7 of this paper is to prove (1.8),
namely, u(T) < ,u(C(S,?)) forall T € T 2k)\{T1, T, T3, T4, Ts, Tg}. From Lemma
3.3, we already know that u(T) < w(C(S})) for T € Ty (2k)\{T1, T», Ts, Te}. Next
we will show in Lemma 3.7 thatall T € T(Zk)\{C(S,‘(‘)} with m2(T) < k — 3 satisfy

u(T) < p(CSH).-
Lemma 3.7 If T € T (2k)\{C(S})} withm12(T) < k — 3, then u(T) < n(C(S)).

Proof By using Theorem 2.2 several times, we can obtain a tree T’ € 7;(2k) with
m12(T') = m12(T) < k — 3 such that

w(T) < u(T"). (3.5

Now mi»(T") < k — 3 implies that 7" € T3 (2k)\{C (K1 x—1), C(S?), C(SP)}.
So from Lemma 3.3 we have

u(T") < p(C(SP)). (3.6)
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Since T # C(S,f), we canseethat T # T or T’ # C(S,f) holds. So at least one strict
inequality in (3.5) and (3.6) holds. Thus u(T) < M(C(S,‘C‘)). O

Corollary 3.3 If T € 7,(2k) withq < k — 3, then u(T) < M(C(S,‘C‘)).

Proof The result follows from the fact that m2(T) < m(T) = g < k — 3 and
Lemma 3.7. O

From the above results we see that in order to prove (1.8), namely, u(7) < u(C (S,f))
forall T € T (2k)\{T1, T», T3, T4, Ts, T}, we are only left the following three classes
of trees in 7 (2k) to be considered.

Class (C1): The trees in Ty_1(2k) with m12(T) =k — 1.
Class (C2): The trees in 73— (2k) with m2(T) = k — 2.
Class (C3): The trees in 7x_5(2k) with m2(T) = k — 2.

In the following, we will consider Class (C1) in Sect. 4, Class (C2)in Sect. 5 and
Class (C3) in Sect. 6.

4 The trees T in T;,_1(2k) withm»(T) =k — 1

In this section, we first determine the structure of the trees in Class (C1). Then we
give a complete ordering of all the trees in Class (C1) according to their Laplacian
spectral radii by using the basic comparison method given in Theorem 2.1. We then
show that all the trees in Class (C1), except the first one, satisfy u(7') < M(C(S,f)).

Let T (i, j) be atree of order 2k obtained from P, by attaching i new paths of length
2 to one vertex of P, and attaching j new paths of length 2 to the other vertex of P»,
where 1 <i < j, i + j =k — 1 (see Fig. 3).

Recall that in Sect. 1 (Fig. 2), we have denoted the tree 7 (1, k — 2) by T3.

The tree which is obtained from P» by attaching i new pendant edges at one vertex
of P, and attaching j new pendant edges at the other vertex of P, is called a double
star graph, and is denoted S(i, j).

Lemma 4.1 T € T (2k) withm2(T) = k — 1 ifand only if T = T (i, j) for some
I1<i<j,i+j=k—1

Proof The sufficiency part is obvious. We now consider the necessity.
Since m(T) =k — 1 and m2(T) = k — 1, we may write

M(T) = {uv, x1y1, X2Y2, - -, Xk—1Yk—1}

U1 U2 Uy

u
Fig. 3 The tree T'(i, j) (of order 2k)

@ Springer



J Math Chem (2009) 46:65-85 75

with d(u) > 2,d(v) > 2,d(x;) = land d(y;) = 2fort =1,2,...,k — 1. Let

G =T —{x1,x2,...,xk—1}, then G is a sub-tree of T of order k 4 1. Furthermore,
uv € E(G),dg(m) > 2,dg(v) > 2,anddg(y;) = 1 fort =1,2,...,k — 1. So we
canseethat G = S(i, j)with1 <i < j, i+ j=k—1.Thus T =T(, j). O

Lemmad2 If1 <i < j < X551, then we have

w(T @, k—1—=i) >, k—1-=j)).
Proof LetT = T(j, k—1—j)andu, v be the two non-pendant vertices of 7 which are
not adjacent to any pendant vertices. Let N (u) = {u1, uz, ..., uj, v}, Nw)={vy, vz
..., Ug—1—j,u}. Let X be the unit positive eigenvector of B(T') corresponding to
p(B(T)) (where B(T) = D(T) + A(T) as defined in Sect. 2). By hypothesis, we
have k — 1 — j > j > i. We distinguish the following cases.

Case 1. x;, > xy.
Lett =k—1—j—1i>1.Now using Theorem 2.1 on T to take

T =T — {vvy, vy, ..., vv ) + {uvy, uvs, ..., uvs ).
Thenwehave T’ = T(i,k — 1 — i) and u(T) < u(T").
Case 2. xy > x,.
Lets = j —i > 1. Also using Theorem 2.1 on T to take
T =T — {uuy, uuy, ..., uug} + {vuy, vus, ..., vug}.
Thenwehave T/ = T (i,k — 1 — i) and u(T) < u(T"). O
Lemma 4.3 (T (2, k —3)) < u(C(SH) for k > 6.

Proof By direct calculations, we have
O(T 2,k —3);x) =x(x —2)(x*> —3x + D} 3g(x),
where
g(x) = x* — (k +5)x3 + (6k + 1)x* — (8k — 10)x + k.

Furthermore, we can see that u(7 (2, k — 3)) is the largest root of g(x) = 0. From
Lemma 3.6, we get M(C(S,f)) = A1 (fe), where

fo(x) = x% — (k + 7)x> + 8k + 12)x* — 21k — 4)x>
+(22k — 21)x? — (9% — 10)x + k. (1.6)

Let

h(x) = x> — (k+2)x +k. 4.1)
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Then we can verify that
fo() = (x = D?g(x) + xh(x). (4.2)

Let u(T(2,k —3)) = a. By Lemma 3.5 and Corollary 3.2, we have

k+2—-Vk2+4 k+2+Vk2 44
- —

5 <l<a<pu(CKir-1) =

So from (4.1) we have h(a) < 0. It follows from (4.2) that fg(a) < 0. So M(C(S,‘C‘)) =
ri(fe) > a= (T2, k—23)). o

Combining Lemma 4.1, 4.2 and 4.3, we see that all the trees in Class (C1) except
T3 =T,k —2) satisfy u(T) < /,L(C(S:)).

5 The trees T in 7 _1(2k) withm2(T) =k -2

In this section, we first determine the structure of the trees in Class (C2) (namely, the
trees in 7;_1(2k) with m2(T) = k — 2.) Then we use this structure to show that all
the trees in Class (C?2), except the tree Ty, satisfy u(7T') < ,u(C(S,‘:)).

Let T (¢4, £>, £3) be a tree of order 2k obtained from Pz : u v w by attaching ¢;
new paths of length 2 to the vertex u, attaching ¢> new paths of length 2 to the vertex
v and attaching £3 new paths of length 2 and one pendant edge to the vertex w, where
L1 > 1,03 > 1and €1 + £, + €3 = k — 2 (see Fig. 4).

Recall that in Sect. 1 (Fig. 2), we have denoted the tree 7'(1, 0, k — 3) by 74.

Lemma 5.1 T € Tp_1(2k) withmp(T) =k — 2 ifand only if T = T (£1, £, £3) for
somel; > 1,43 >1and 1+ €y +43 =k — 2.

Proof The sufficiency part is obvious. Now we consider the necessity.
Since m(T) =k — 1 and m12(T) = k — 2, we may write

M(T) = {uv, x1y1, X2Y2, - - s Xk—1Yk—1}

with d(u) > 2,d(w) > 2,d(x;) = 1 fort = 1,2,....k—1,d(y;) = 2fort =
1,2,...,k—2,and d(yx—1) > 3.

LetG =T —{x1,x2,...,xk—1}. Then G is a sub-tree of T of order k + 1. Further-
more, G contains exactly 3 vertices which are non-pendant vertices, that is u, v, yr_1.

UreUa »Upy U1eV2 AUl

u (%
Fig. 4 The tree T'(¢1, £2, £3) (of order 2k)
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Since G — {y1, y2, ..., Yk—2} is also a tree (of order 3), y,_ is adjacent to u or v, but
Yk—1 can not be adjacent to both u and v, since uv € E(T). Without loss of generality,
we assume yx_1 is adjacent to v. Since dr (yx—1) > 3, yk—1 is adjacent to at least one

of {y1, y2,..., yk—2}. Let
V1, ¥2, oy Yk2} = YUY UY3,

and ¢; = |Y;| for t = 1, 2, 3, where the vertices in Y are adjacent to u, the vertices

in Y, are adjacent to v, and the vertices in Y3 are adjacent to y;_1. From the above

discussions, we conclude that T = T ({1, €3, £3) with £1 + ¢, + £3 = k — 2. Further-

more, £1 > 1 follows from d(u) > 2, and ¢3 > 1 follows from Y3 # . |
Let T, = T (1,0, k — 3) as in Sect. 1, and let

G =Tk—3,0,1), Go=T(,k—4,1),
Gy =TQ,0,k—4), Goa=T(, 1,k —4).

Lemmas.2 [fT =Ty, 4y, L3)with€y > 1,03 > 1,81+ 4o+ 403 =k —2, and
T ¢{G1, G, G3, G4, Tu}, then u(T) < max{u(G1), n(G2), u(G3), u(Ga)}

Proof Letu, vand w be three vertices of T as showninFig.4,and N (u) = {u, uz, ...,
ug,, v}, N(w) = {v1, v2, ..., vep, u, w}, N(w) = {wy, wa, ..., W, v, w’}). Let X be
the unit positive eigenvector of B(T) corresponding to p(B(T)) (where B(T) =
D(T) + A(T) as defined in Sect. 2). We distinguish the following cases.

Case 1. max{x,, xy, Xy} = X;.

Take

T' =T —{vvy, vva, ..., vup,} — {wwa, wws, ..., Wwe,}

+{uvy, uvy, .. uve, ) + {uwy, uws, ..., uwes

Then we have T’ = Gy. Since T # G, we have u(T) < wu(T') by Theorem 2.1.
So u(T) < u(Gy).

Case 2. max{x,, Xy, Xy} = Xy.

Take

T' =T —{uuz, uus, ..., uug} — {wwr, wws, ..., wwe,}

+{vug, vus, ..., vug )+ {vwr, vws, ..., vwy, )

Then we have T’ = G,. Since T # G», we have u(T) < u(T’) by Theorem 2.1.
So u(T) < u(Gr).

Case 3. max{x,, Xy, Xy} = Xy.

Subcase 3.1. ¢; > 2.

Take

T' =T — {uus, uug, ..., uug} — {vvr, vva, ..., vvg,}

Hwusz, wug, ..., wue } + {wvr, wua, ..., wWog, .
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Then we have T’ = Gj3. Since T # G3, we have u(T) < w(T') by Theorem 2.1.
So u(T) < u(Gy).

Subcase 3.2. £ = 1.

Since T # Ty, we have £, > 1. Take

T' =T — {uuz, uus, ..., uug} — {vva, vv3, ..., vvg,}

+Hwuo, wus, ..., wue } + {wvy, wus, ..., W, .

Then we have T’ = G4. Since T # G4, we have u(T) < u(T’) by Theorem 2.1. So
w(T) < u(Ga). O

Lemma 5.3 Ifk > 6, and G, G2, G3, G4 are as above, then we have

D w(G) < u(TQ2, k—3)).
(2) w(G2) < u(TQ2, k= 3)).
) n(G3) < u(T2,k—3)).
@ w(Ga) < u(T2, k= 3)).

Proof By direct calculations using Lemma 3.4, we have

D(Gr:x) = x(x —2)(x% = 3x + D¥ 41 (), (5.1)
D(Ga: x) = x(x —2)(x% = 3x + D¥ S (x), (5.2)
D (G3:x) = x(x —2)(x% = 3x + D *r3(x), (5.3)
D(Gy; x) = x(x —2)(x2 — 3x + D¥ry(x), (5.4)

where

r(x) = x® = (k + 8)x> + (9% + 17)x* — 27k — 2)x> + (32k — 32)x?
—(13k — 16)x +k,

ra(x) = x% — (k + 1)x7 + (12k 4+ 42)x® — (55k + 57)x° + (121k — 17)x*
—(132k — 98)x> + (67k — 60)x> — (14k — 8)x + k,

r3(x) = x® — (k + 8)x> 4+ (9% + 17)x* — 27k — 2)x> + (33k — 37)x?
—(15k — 26)x +k,

ra(x) = x% — (k + 1)x7 + (12k 4+ 42)x® — (55k + 57)x° + (122k — 22)x*
—(137k — 123)x> + (74k — 95)x* — (16k — 18)x + k.

From (5.1) to (5.4), it is easy to see that 1 (G;) is the largest root of the equation
ri(x) =0fori =1, 2, 3, 4. Now let

g(x) = x* — (k4 5)x> + (6k + 1)x*> — (8k — 10)x + k.
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From the proof of the Lemma 4.3, we know that (7 (2, k — 3)) is the largest root of
the equation g(x) = 0. By calculations we also have

ri(x) = (x* = 3x + Dg(x) + hy(x), where hy(x) = (k —3)x(x —2),

ra(x) = (x2 = 3x + 1)%g(x) + ha(x), where ha(x) = x(x —2)[x*> — (k — Dx + 1],
r3(x) = ()c2 —3x 4+ 1)g(x) 4+ h3(x), where h3(x) = 2(k — 4)x(x — 2),

ra(x) = (x2 = 3x + 1)2g(x) + ha(x), where hs(x) = (k — 4)x(x — 2)(x> — 4x + 1).

Notice from Lemma 3.5 that u(G;) > A(G;) +1 >k — 1 > 5, so we can easily see
that i; (u(G;)) > 0. So from the above relations and the fact that r; (u(G;)) = 0, we
can conclude that g(u(G;)) < 0. So we have u(G;) < A1(g) = w(T (2, k — 3)) for
i=1, 2,3, 4 as desired. O

Combining Lemma 5.1, 5.2, 5.3, we see that all the trees in Class (C2) except
T, =T(,0,k—3)satisfy u(T) < w(T2,k —3)) < M(C(S,f)).

6 The trees T in 7;_>(2k) with m3(T) =k — 2

In this section, we first determine the structure of the trees in Class (C3) (namely, the
trees in 7x_p(2k) with m12(T) = k — 2.) Then we use this structure and the compar-
ison method given in Theorem 2.1 together with another useful comparison method
given in Lemma 6.3 to show that all the trees in Class (C3) satisfy u(7T) < pL(C(S,f')).

Let T (41, £2, €3, £4) be a tree of order 2k obtained from Py : u; us u3 u4 by attach-
ing ¢; new paths of length 2 to the vertex u; fori = 1,2, 3, 4, respectively, where
£y > 1,84 > 1and €1 + £ + €3 + €4 = k — 2 (see Fig. 5). It is easy to see that
T(ly, 2,83, L4) = T (L4, L3, £, £1).

Lemma 6.1 T € T;_»(2k) withm2(T) =k — 2 ifand only if T = T (£, £, £3, £4)
forsome €1 > 1,84 > 1and €1+ + €3+ s =k — 2.

Proof The sufficiency is obvious. Now we consider the necessity.
Since m(T) =k —2 and m2(T) = k — 2, we may write

M(T) = {uyu, uzug, X1y1, X2Y2, - - ., Xk—2Yk—2}

with d(u;) > 2fori =1,2,3,4,d(x;) =landd(y;) =2for j =1,2,...,k—2.
LetGy =T — {x1,x2, ..., xx_2}. Then G| is a sub-tree of T of order k + 2. Further-

more, y1, y2, - . ., Yk—2 are pendant vertices of G1. Let G, = G1 —{y1, ¥2, ..., Yk—2}.
UUWUI& uglwum uqu%g U41WU4&
U (%) us Uy

Fig. 5 The tree T'(¢1, £2, £3, £4) (of order 2k)
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U1 U4y
Uy Uy Us Uq4 Up Ug Us Uy
Hy =T(k —3,0,0,1) Hy=T(1,0,k — 4,1)

Fig. 6 The trees H; and H» (of order 2k)

It is easy to see that G is a tree of order 4 with a perfect matching. Note that Py is the
unique tree of order 4 with a perfect matching. Then G, = P4. From this we can easily
getT =Ty, 4£3,03,44) forsome ) > 1,04 > 1and €+l +03+04=k—2. O

Now let Hf = T(k — 3,0,0,1) and H» = T(1,0, k — 4, 1), which are shown in
Fig. 6.

Lemma 6.2 IfT =Ty, 403,03, ) with€y > 1,04 > 1,01+l +03+04=k—2
and T ¢ {Hy, Hy}. Then u(T) < max{(H1), n(Hz)}.

Proof Letuy, us, uz and ug be the four vertices of 7' as shown in Fig. 5, and let

N(uy) = {uyy, u12, ..., u1g, uz},
N(uz) = {uor, uz, ..., ux,, ui, U3},
N(uz) = {uzy, uz, ..., u3ze;, Uz, ug},
N(uq) = {ua1, ug2, ..., uqq,, u3}.

Let X be the unit positive eigenvector of B(T) corresponding to p(B(T)), where
B(T) = D(T) 4+ A(T). We distinguish the following cases.

Case 1. max {xy,, Xuy, Xuy, Xuy} = Xu; OF Xy, SAY Xy, .

Take

T'=T —{uguai, ..., upuze,} — {ususy, ..., usuze,} — {ugugy, ..., usuge,}
Huruon, oo uiuze, ) H{urust, o uuzey ) +{uiuan, oo gy}

Then we have T’ = H,. Since T # H,, we have u(T) < u(T’) by Theorem 2.1. So
w(T) < u(Hy).

Case 2. max {Xy,, Xuy, Xuy> Xuy} = Xup OF Xy5, SAY Xy5.
Take
T'=T —{urura, ..., uruie,} — {usuni, ..., usuze,} — {uguan, . .., ususe,}
Husuiz, ..., uzure } +{uzuzy, ..., uzuze,} + {uzuaz, ..., usuge,}
Then we have T’ = H,. Since T # H,, we have u(T) < u(T') by Theorem 2.1.
So u(T) < u(Hy). o

The following Lemma 6.3 is also a useful comparison method for Laplacian spectral
radii, which will be used in Lemma 6.4 and later in Lemma 7.2.
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Lemma 6.3 [15] Let Ty ;(u) be the tree obtained from a tree T by attaching two new
paths of length k and [ to a vertex u, respectively. If k > | > 1, then pu(Ti+1,-1(n)) <
(T, 1 (@)).

Lemma 6.4 [fk > 6, then we have

D) p(H) < (T2, k = 3)).
) p(Hy) < (T2, k = 3)).

Proof (1) Let T* be a tree of order 2k — 4 as shown in Fig. 7. Then we have T'(2, k —
3)= T2f2(u) and H =T7(1,0,0,k—3) = T4"j0(u). Soby Lemma 6.3 we have u(Hp) <
u(T (2, k = 3)).

(2) Let X be the unit positive eigenvector of B(H>) corresponding to p(B(H>)).
We distinguish the following cases.

Case 1. x;; > xy,.

Take T’ = Hy — {ugqugy} +{ujug;}. Then T = G3 =T (2,0,k —4). So u(Hp) <
u(T") = 1(G3) by Theorem 2.1. Furthermore, u(H,) < (T (2, k — 3)) by Lemma
5.3(3).

Case 2. x,, > xy,.

Take T/ = Hy — {ujuy1} +{uguy;}. Then T/ = T (2, k —3). So u(Hy) < w(T") =
w(T (2, k — 3)) by Theorem 2.1. O

Combining Lemma 6.1, 6.2 and 6.4, we can see that all the trees in Class (C3)
satisfy u(T) < u(T (2, k —3)) < n(C(SH)).

7 Main results
In this section, we will prove our main result. We first give the values of ©(73) and
w(Ty) (as the largest roots of the equations f3(x) = 0 and f4(x) = 0, respectively).

Then we compare 1 (72), u(73), n(Ts) and u(7s) in Lemma 7.2, 7.3 and 7.4. Finally,
we obtain our main result in Theorem 7.1.

Lemma 7.1 LetT3 = T(1,k—2)and Ty = T (1,0, k —3) as defined in Sect. 1. Then
we have u(T3) = A1(f3), n(Ty) = A1(fa), where

f300) = x* — (k +5)x3 + 5k + Dx? =23k — Dx +k, (1.3)

Fig.7 The trees 7* and G*

u u
T* (of order 2k — 4) G* (of order 2k — 5)
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and

fa(x) = x® — (k + 8)x + 8k + 21)x* — (22k + 18)x°
+(25k — 4)x* — (11k — 8)x + k. (1.4)

Proof By direct calculations, we have

O (T3; x) = x(x — 2)(x% = 3x + D3 f(x), (7.1)

O (Tu; x) = x(x — 2)(x% = 3x + D¥* £ (). (7.2)
From (7.1) and (7.2), it follows easily that «(7;) is the largest root of the equation
fi(x) =0fori =3,4. m]

Next we use the comparison method given in Lemma 6.3 to compare w(7;) and
u(T3).

Lemma 7.2 w(Ty) < u(T3) fork > 4.
Proof Let G* be atree of order 2k — 5 as shown in Fig. 7. Then we have T'(1, k —2) =
G;z(u) and 7(1,0,k — 3) = Gj’] (#). So by Lemma 6.3, we have u(7y) < u(T3)
for k > 4. O
Lemma 7.3 w(73) < u(Ty) fork > 4.
Proof From Lemma 3.6 and Lemma 7.1, we have u(7;) = A1 (f;) fori = 2, 3, where

fr(x) = x® — (k + 8)x° + (8k + 20)x* — 21k + 16)x°
+(22k — 2)x% — (% — 4)x + k, (1.2)

and

f00) = x* = (k +5)x° + 5k + Dx? — 23k — Dx + k. (1.3)

Let
h(x) = x(x —2)(x* —kx + D).
Then it can be easily verified that
frx) = (@ =3x 4+ 1) f3(x) — h(x).

Note that 4(x) >0 for x > k. Let u(73) =a, then from Lemma 3.5 we have a >
A(T3) + 1 =k, so h(a) > 0. It follows that f>(a) = —h(a) < 0, since f3(a) = 0.

So the largest root of f>(x) = 0 is larger than a. Thus w(72) = A1(f2) > u(73) as
desired. O
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Lemma 7.4 w(T5) < u(T4) for k > 6.

Proof From Lemma 3.6 and Lemma 7.1, we have ;£ (T;) = A1 (f;) fori = 4, 5, where

fa(x) = x% — (k + 8)x° + (8k + 21)x* — (22k + 18)x°

+(25k — 4)x* — (11k — 8)x +k, (1.4)
and
f5(x) = x® — (k + 8)x° + (9% + 15)x* — 25k — 4)x>
+Q7k —27)x* — (11k — 14)x + k. (1.5)
Let

h(x) = (k — 6)x> + (=3k + 22)x> + 2k — 23)x + 6.
Then it can be easily verified that
fs(x) = fa(x) + xh(x). (7.3)
Now
h(x) = (x — 5) [(k — 6)x% + (2k — 8)x + (12k — 63)] + 60k —309.  (7.4)

Let b = u(Ts). Then by Lemma 3.5 we have b > A(Ts) +1 =k —1 > 5. So

from (7.4) we have h(b) > 0. It follows from (7.3) and the fact that f5(b) = 0O that

fa(b) < 0. Thus we have u(74) = A1(fa) > b = u(Ts) as desired. O
Now we are ready to obtain our main result.

Theorem 7.1 Let T\ = C(Kj y—1), Tr» = C(S,%), Ts(see Fig. 2), Ta(see Fig. 2), Ts =
C(Sg) and T = C(S,f) be the six trees in T (2k) as defined above. Let L ( f;) be the
largest (real) root of the equation fi(x) =0 (i =2,3,...,6), where

fr(x) = x® — (k + 8)x> + (8k + 20)x* — 21k + 16)x>
+(22k — 2)x% — (% — 4)x + k, (1.2)

f300) =x* =k +5)x3 +5k( + Dx? =23k — Dx +k, (1.3)

fa(x) = x® — (k + 8)x> + 8k + 21)x* — 22k + 18)x>
+(25k — 4)x* — (11k — 8)x + k, (1.4)
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f5(x) = x® — (k + 8)x° + (9% + 15)x* — 25k — 4)x>
+Q27k — 27)x> — (11k — 14)x +k, (1.5)

fo(x) = x — (k + 7)x> + 8k + 12)x* — 21k — 4)x°
+(22k — 21)x? — (9% — 10)x + k. (1.6)

Then for k£ > 6, we have

(1) w(T)) =1 (f;) fori =2,3,...,6.
2)

w(Ty) > u(T2) > w(T3) > u(Ty) > u(Ts) > u(Te). (L.7)
(3) Foranytree T € 7 (2k)\{T1, Tz, T3, Ty, Ts, Ty}, we have

n(T) < n(Te). (1.8)

Proof (1) By Lemma 3.6 and Lemma 7.1.

(2) By Lemma 3.3(1), Lemma 7.2, 7.3 and 7.4.

(3) ByLemma 3.3(2), Lemma 3.7, Corollary 3.3; Lemma 4.1, 4.2, 4.3; Lemma 5.1,
5.2,5.3; Lemma 6.1, 6.2 and 6.4. O
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